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Abstract 

In this paper, we work out in detail the tadpole cancellation conditions 
as well as the generalized Green-Schwarz mechanism for type IIB orien- 
tifold compactifications on smooth Calabi-Yau three-folds with D3- and 
D7-branes. We find that not only the D3- and D7-tadpole conditions have 
to be satisfied, but in general also the vanishing of the induced D5-brane 
charges leads to a non-trivial constraint. In fact, for the case h^^ ^ 
the latter condition is important for the cancellation of chiral anomalies. 
We also extend our analysis by including D9- as well as D5-branes and 
determine the rules for computing the chiral spectrum of the combined 
system. 
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1 Introduction 

During the last years, the understanding of the open sector of type II string the- 
ories has grown to a mature state. In particular, on the type IIA side, where 
intersecting D6-branes allow for a geometric interpretation of the underlying 
structure, a set of rules for studying the low energy effective theory has been 
established [1] including consistency conditions such as the tadpole cancellation 
conditions and formulas for computing the chiral spectrum. Furthermore, it is 
known how to deal with anomalies via the generalized Green-Schwarz mechanism 
[21 El H El El 13 El E] and by imposing K-theory constraints [lUl dl]. Within this 
framework, mostly on toroidal orbifolds, a huge number of models with various 
properties has been constructed. 

However, orientifolds of type IIB string theory with D9- and D5-branes have 
been studied for an even longer time and are equally well-understood. Here, not 
intersecting branes but branes endowed with vector bundles are the objects of 
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interest and, similarly as on the IIA side, model building rules have been estab- 
lished (see for instance [12] for the case of smooth Calabi-Yau compactifications) 
and a large number of models has been constructed. Furthermore, T-duality al- 
lows to connect constructions on the type JIB and the type IIA side which in 
the past has helped to gain a better understanding for both descriptions. For a 
recent summary on the connection between type IIA models with D6-branes and 
type IIB models with D9-/D5-branes, including some generalizations, see [13]. 

But type IIB string theory also allows for orientifold projections leading to 
configurations with D3- and D7-branes. Via T-duality, one naturally expects the 
open string sector to have the same features as the other two constructions which 
have been worked out for instance in [TUITS]. To our knowledge, however, some 
ingredients still require further study. In particular, although toroidal models 
are understood very well from a Conformal Field Theory point of view, for a 
smooth compactification manifold the generalized Green-Schwarz mechanism has 
not been checked to work and also the tadpole cancellation conditions have not 
been derived in full detailQ 

Let us emphasize this point: in this work, we focus solely on orientifold com- 
pactifications of string theory on smooth Calabi-Yau three-folds and formulate 
the effective theory in terms of topological quantities such as cycles and Chern 
characters. On the other hand, toroidal type IIB orientifolds generically contain 
singularities which are not suited for a geometric description but allow for a CFT 
formulation. For such configurations, the generalized Green-Schwarsz mecha- 
nism and the tadpole cancellation conditions are very well understood from a 
Conformal Field Theory point of view. Some of the references in this context are 

[lailHlIiniEQllllElEllTlEllHlEI]. 

As we have illustrated, from a phenomenological and geometrical point of 
view, the open string sector on smooth Calabi-Yau orientifolds is best understood 
on the type IIA side and on the type IIB side with D9- and D5-branes. The closed 
sector on the other hand is well-understood for type IIB orientifolds with D3- and 
D7-branes where the KKLT [22] and the Large Volume Scenarios [231121] allow for 
a controlled study of closed string moduli stabilization. (For a recent discussion 
on the Large Volume Scenarios see [25j.) However, as has been emphasized in 
[26] , moduli stabilization in the closed sector depends on the structure of the open 
sector and so it is necessary to understand also the latter for D3- and D7-branes 
in more detail. 

Furthermore, F-theory [27] provides a description of type IIB string theory 
with D3- and D7-branes beyond the perturbative level which has recently become 
of interest for phenomenology [28l[^[3ni[3ll[32l[33l[33[35l[36l[37l[^ (see 

^The schematic form of the tadpole canceUation conditions for type IIB orientifolds with 
D3- and D7-branes from a geometric point of view has recently appeared in [16| . however, here 
we study these conditions in detail. 
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also [413] )• Although the constructions in this context concentrate mostly on 
local models, at some point these have to be embedded into a compact manifold 
implying for instance that the tadpole cancellation conditions have to be satisfied. 

The outline and the results of this work are summarized as follows. In sec- 
tion O we derive the tadpole cancellation conditions for type IIB string theory 
compactified on orientifolds of smooth Calabi-Yau three-folds with D3- and D7- 
branes. In addition to the well-known D3- and D7-brane tadpoles, we also work 
out the cancellation conditions for induced D5-brane charges. In section 121 we 
briefly summarize the expressions for the chiral anomalies in the present context, 
and in section HI we show that the generalized Green-Schwarz mechanism indeed 
cancels the anomalies using the tadpole cancellation conditions. In particular, 
we emphasize that in general the induced D5-brane charge conditions have to 
be employed. In section 0, we generalize our analysis by including D9- as well 
as D5-branes for which we work out the tadpole cancellation conditions and the 
formulas for computing the chiral spectrum. In section [6l we finish with some 
conclusions. 

2 Tadpole Cancellation Conditions 
2.1 Setup and Notation 

Before deriving the tadpole cancellation conditions, let us first make clear the 
setup we are working in and recall some results needed for the following. 

Orientifold Compactification 

We consider type IIB string theory compactifications from a ten-dimensional 
space-time to four dimensions on a compact Calabi-Yau three-fold X 

^9,1 ^ ^3,1 ^ ^ _ ^2.1) 

In order to introduce D-branes and break supersymmetry to A/" = 1 in four 
dimensions, we also perform an orientifold projection Q{—l)^'^a where Q is the 
world-sheet parity operator, is the left-moving fermion number and a is a 
holomorphic involution on X. The action of a on the Kahler form J and the 
holomorphic three-form ^3 of X is chosen to be 

CT*J=+J, (7*^3 = -(^3, (2.2) 

allowing for 03- and 07-planes. The action of on the metric g, the 

dilaton 0, the Neveu Schwarz-Neveu Schwarz (NS-NS) two- form B2, the gauge 
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invariant open string field strength T and the Ramond-Ramond (R-R) p-form 
potentials Cp is determined to be of the following form [H], 113] 



^{-\f^4> = +0, = (-l)iCp, (2.3) 

Note that we are going to work with the democratic formulation of type IIB super- 
gravity [S] so that the R-R p-form potentials Cp appear for p = 0, 2, 4, 6, 8(, 10). 

(Co-) Homology 

The holomorphic involution a introduced above gives rise to a splitting of the 
cohomology groups HP''^{X, Z) into the even and odd eigenspaces of cr* (here we 
mainly follow [43j ) 

The dimensions of these spaces are denoted by h^'^ for which the following rela- 
tions can be determined |43j 

^1.1 Z,2,2 73,0 70,3 r, 7 0,0 7 3,3 

hi' = h'/ , h^l' = h'/ = 1 , h^l' = h'/ = . ^ ' 

Next, let us introduce some notation for the third (co-)homology group of 
X. In particular, we denote a basis of three-cycles on X by {oj,/?-'} G H^{X ^li) 
where z, j = 0, . . . , h?'^. This basis can be chosen in such a way, that the Poincare 
duals {[di], [/?■']} satisfy 

/ [a,] A m = ll 51 , / [a,] A [a,] = [ ^ A [(3^] = , (2.6) 

Jx Jx Jx 

where Ig denotes the string length. Note that, as indicated in 02.41) . these relations 
decompose into the even and odd eigenspaces of a*, which means that the only 
non-trivial relations are 

where ± labels elements of the even respectively odd co(-homology) group. To 
continue, we denote a basis of (1, 1)- and (2, 2)-forms on X as 

{uJi} G H'''{X,Z) , {a'} G H^'^{X,Z) . (2.8) 
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These two basis will be chosen such that 



/ iui Aa'^ = 1^5^ , (2.9) 

where the index / takes values / = 1, . . . , h^'^{X) and, similarly as above, this re- 
lation decomposes into the even and odd eigenspaces of a*. Finally, we introduce 
a basis of four- and two-cycles on X 

{^i}eH,{x,z) , {E'} eH2{x,z) , (2.10) 

in such a way that the Poincare duals of 77- and are [7/] = 4 cj/ respectively 

''s 

[E^] = 0"^. Concretely, this means that 

/ ^' = ltS^, f uj = ll5'j. (2.11) 

Background Fluxes 

Let us now consider the closed string sector in some more detail. In particular, 
we are allowed to turn on supersymmetric background fluxes in A", i.e. we can 
have non-vanishing VEVs for [15] 

F3 = dC2 and i/g = dB2 . (2.12) 



Because of the Dirac quantization condition, such fluxes are quantized. Fur- 
thermore, since we perform an orientifold projection f2(— 1)^^(T, there are some 
subtleties due to the involution a on X |l6l HT] . Although these issues can be 
dealt with, here we stay on firm grounds and impose the following quantization 
conditions 

^ / F3 = 2/, G 2Z , ^ f F3 = 2P e 2Z , 

If If ^2-13) 

- H3 = 2hi E2Z, - H3 = 2h^ e2Z, 

with i, j = 0, . . . , lil^ . Note that because F3 and are odd under fi(— 1)-^^, we 
only turn on flux through cycles {a^ ,(3~^} odd under the orientifold projection. 
Using then (12.131) and (12.61) . we can express F3 and i^s in the following way 

F^ = i {r [«r] - /. [p-'] ) , ^3 = ^ (/^^ [«-] - h, [p-q ) . (2.14) 
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D-Branes and Gauge Fluxes 

After having discussed fluxes in the closed sector, we now turn to the open sector. 
The fixed loci of the involution a on X are called orientifold planes and for the 
choice (12. 2p . these are 03- and 07-planes usually carrying negative R-R and NS- 
NS charges. Therefore, as we will see below, we have to introduce a combination 
of D3-branes and background flux as well as D7-branes wrapping 

holomorphic divisors Fd? in X . (2-15) 



It is furthermore possible to turn on gauge flux F on the D7-branes which, in 
order to preserve supersymmetry, has to obey the constraints |1H1 HSl [15] 

-p(2,o) ^ -p(o,2) ^ Q ^ (JAF) =0. (2.16) 

Moreover, to preserve four- dimensional Lorentz invariance, we consider gauge 
flux F only in the internal space X and so we make the following ansatz for the 
total open string field strength F 

F = F + F (2.17) 

with F denoting the field strength of the gauge field in R^'^ while F stands for 
the flux components in X. However, F is not gauge invariant and so we define 

JF= -z (/2F + 27r^*52l) , (2.18) 

which we call the gauge invariant open string field strength. In (I2.18p . Is denotes 
again the string length, B2 is the NS-NS two-form and (f* is the pull-back from 
X to the holomorphic divisor Fdt the D7-brane is wrapping. Note that we will 
also employ the notation 

... components oi J-' in X . (2-19) 

To conclude our discussion of the open string gauge fluxes, let us split the 
NS-NS two-form B2 on X into parts which are even respectively odd under the 
holomorphic involution a 

Bf = Bt + B^ , a*B^ = ±Bt, (2.20) 

where denotes the components of B2 in X. Due to the action of (](— 1)-^^, i?^ 
has to take discrete values which is important for the correct quantization of 

= -t{ljF + 2nip*B+l) (2.21) 
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(see for instance [T^ and references therein). The components B2 on the other 
hand, are part of the moduh for /_ = 1, . . . , hb.^ [131 HI] (see also [30]) and 
take continuous values. 

Finally, we denote the total curvature two-form of the tangent bundle of 
M^'^ X A* by R which splits into R and R defined on R^'^ respectively X. For 
dimensional reasons, we then define 

n = llR = ll{R + R) . (2.22) 



2.2 Effective Actions 

As we have already mentioned, in order to study D3- and D7-branes, it is useful to 
work with the democratic formulation of type IIB supergravity in ten dimensions. 
The bosonic part of this (pseudo-)action reads 



p=l,3, 5,7,9 



(2.23) 



where (2fi;^o)~^ = 27r/7®, the star -k stands for the Hodge-*-operator and R de- 
notes the curvature scalar. The generalized field strengths Fp together with their 
duality relations take the following form 

Fp = dCp., -H,A Cp_3 , Fp = (-1)^ ^Fio-p . (2.24) 

Later, we will focus on the equation of motion for the Ramond-Ramond (R-R) 
fields Cg, Cq and C4 and so we calculate the variation of fl2.23p with respect to 
these fields 



ScAiB = hc^h (+dF, -HsAFs 
SceSiiB = 4^ / '^^e A (^-dFs + H3A Fi) , (2.25) 



Since we only turn on fluxes F3 and H3, the term A Fi vanishes. For the first 
line in f l2.25p . we employ fl2.14p and 02.60 to calculate 

^ / H;Ah = ]i I H;AF3 = A{h,f-h'f,) =-4iVfl,, e 4Z , (2.26) 

where the minus sign has been chosen for later convenience. 
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After having discussed the closed sector, we now turn to the open sector for 
which the Chern- Simons action of the Dp-branes and Op-planes read [SH E21 E31 
[53 ESI [56] (see also [57]) 



I (2.27) 

Here, (f* denotes again the pull-back from X to the manifold the D-brane respec- 
tively 0-plane is wrapping and TZt, TIn stand for the restrictions of TZ to the 
tangent and normal bundle of this manifold. Furthermore, in the present case we 
have0 

/^P = |^S with (2-28) 

and the sums in (12.271) run over g = 0, 2, 4, 6, 8, 10. The charge of the Op-planes 
is given by Qp = — 2^"^. 

The definition of the Chern character, the A genus and Hirzebruch polyno- 
mial C can be found in appendix |A] together with the calculation leading to the 
following expressions 



/lii -(l + ^(fi)^r(i?^)+.. 
D7: yiij} =(l + ^(|)\r(i?^)+...)A(l + |c.(ro.) 
03: yigI=(l-Tk(l)'tr(i?^)+. 



07 : = (1 - ife (I) 'tr {R^) + . . .) A (1 - S c. (roO +...). 

(2.29) 

Note that R is defined on M^'^ and that the four-form C2 is defined on X. Also, we 
have only shown the terms relevant for the integrals in the Chern-Simons actions. 
With the help of fl2.29l) . we can now compute the variation of the actions (12.271) 



^The signs Kp = ±1 in (|2.28p have already appeared in [T^], where they were crucial in 
order to obtain the correct matching between the tadpole cancellation conditions of type IIB 
orientifolds with D9-/D5-branes and the anomaly cancellation condition of the heterotic string. 
Similarly, here the signs are important to match the D3-brane tadpole cancellation condition 
with F-theory. 
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with respect to C4, Cg and Cg. We find 



- D7 

^CS ,. / xr^ , I ,4 C2(ro7) 



Tor 6 

with A^D3 = cho(j^D3) and N^j = cho(j^D7) denoting the number of D3- respec- 
tively D7-branes on top of each other. Furthermore, F is again the holomorphic 
four-cycle wrapped by the D7-branes and 07-planes in the compact space, and 
stands for the part of in X. In a similar way as above, we compute the 
variation of the Chern-Simons actions with respect to Cg as follows 

SceSEj = -/i7 / {^*SCe) A chi (T) , 6c,SS^j = , (2.31) 

and the variation with respect to Cs is found to be 

ScsSEr = -f^7 [ {f*SCs) iVD7 , Sc.SSI = -f^7 I (v^^^Cg) (-8) . 

(2.32) 

2.3 Tadpole Cancellation Conditions 

Combining the results from the previous subsection, we can now determine the 
tadpole cancellation conditions for type IIB orientifolds with D3- and D7-branes. 
However, because of the orientifold projection i7(— l)^^cr, we have to take into 
account the orientifold planes as well as the orientifold images of the D-branes. 
Denoting these images by a prime, the schematic form of the full action is 

5=i(25„B + 5:5g?.+5:5g?. + E5gl + E5g|) ■ (2-33) 

\ a,a' i b,b' j / 

In order to be more concrete later, using fl2.3p . we determine the data for an 
orientifold image of a D-brane as follows 

r^^=ni-lf-aTj,, =(-l)^aFD,, 
T^' = Q (-l)^^a* = - a*T^ , 

where Fd7 is a holomorphic divisor in X while Fds is a point in X corresponding 
to a D3-brane. 
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D7-Brane Tadpole Cancellation Condition 

The equations of motion for Cs are obtained by setting to zero tlie variation of 
f l2.33p witli respect to Cs- Using (12.251) and (I2.32p . we compute 







1 2tt 

2 If 



" D7a,D7„, " 07, 



(2.35) 



where N^j^ is the total number of D7-branes with gauge flux Fa wrapping the 
four-cycle r^y^, and [F] stands for the Poincare dual of the four-cycle F in X. 
Since the variations are arbitrary and dFi is exact, in cohomology the ex- 
pression above can be written as 



$^iVD7.([FD7j + [r;,J^ 


)=8$^[Fo7j, 


D7a 


07i 



(2.36) 



which is known as the D7-brane tadpole cancellation condition. 
D5-Brane Tadpole Cancellation Condition 

Employing ^TI^ and dOT]) as well as the basis of (1, l)-forms {uji] e H^^^{X, Z) 
introduced in equation (12.81) . the equations of motion originating from are 



found to be of the following form 



° = 5Z ( / chi(^,) AuJi+ f chi(^l) A LUj ] 

D7a V^07a J^ma J 

= J2 f (chi('^*^a) A [Fd7J + chi(^,^l) A [F'oyJ 



(2.37) 



A ujj 



where the prime denotes again the Q{—1)^^(t image and ^p^,J-' is the push-forward 
of JF from the D7-brane to the Calabi-Yau manifold X. 



Note that (12.371) is not trivially vanishing which can be seen by utilizing the 
relation 



(2.38) 



a ui A a uj A a ujk = i Auj A ujk ■ 
X Jx 



In particular, recalling from (12. 3p that is odd under f2(— 1)^^, we can rewrite 
in:^ as 



= J]chi(v9*^a) A [Fd7J a (ui - a*u;i^ 

D7a 



(2.39) 



which is a non-trivial constraint if h^J_^ ^ 0. 
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However, the D5-brane tadpole cancellation condition is not yet satisfying!^ 
In order to explain this point, let us recall from our discussion around equation 
fl2.20p that T contains 5^ which takes continuous values. Since the tadpole 
cancellation conditions usually involve only discrete quantities, the dependence 
on B2 should disappear. And indeed, using the definition of the Chern character 
f lXTjl as well as fl?!^ and (I12ID, we compute 



chi {ip.Ta) = chi (<^*^;^) + Nj,j . (2.40) 

Employing then the D7-brane tadpole cancellation condition (12.361) . we find for 
the B2 terms in (I2.37P that 

^"^^ (2.41) 

The final step is to observe that since the orientifold planes are pointwise invariant 
under the involution a, there are no odd two-cycles on Fq?, that is H2-{Tot, Z) = 
0. Because B2 is in /7i'^(A',Z), we see that in this case ^p*B2 = and so the 
integral (I2.4ip vanishes. The D5-brane tadpole cancellation condition therefore 
contains only discrete quantities and reads 



(2.42) 



D3-Brane Tadpole Cancellation Condition 

Let us finally study the equation of motion for C4 which is obtained by setting 
to zero the variation of (12.330 with respect to C4. Employing (12.250 and (I2.30p . 
we compute 



^ D7.,D7„, -^rD7, V / 07, ■'^O-ij 



(2.43) 



■^We thank the authors of for pointing out this issue to us. The discussion in this 
paragraph is based on work in [39j , which we present here in order to give a consistent derivation 
of the tadpole cancellation conditions. 
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By the same arguments as for the D5-brane tadpole, the dependence of (12.431) 
on B2 should vanish. In order to see this, we employ the definition (lA.ip to obtain 

ch2(7) = ch2(7^) + chi(7+) A + ^ {v*B,Y , (2.44) 

which we use to calculate 

+ / (^2-)'iVDr„([rD7j + [r'Drj) 

D7a 

= E / " (2.45) 

D7„,D7„, -^^DTa 

In going from the second to the third line, we utilized the D5-brane tadpole 
cancellation condition to observe that the terms involving chi(^^) have to vanish, 
and for the cancellation of the expressions containing (5^^)^, we used the same 
reasoning as in fl2.4ip . 

Next, following (TU] (see also ^H]), D7-branes on the orientifold space can have 
double-instersection points and can therefore be singular. Thus, the definition of 
the corresponding Euler characteristic 

x(r) = ^c2(r) (2.46) 

is ambiguous. However, as has been explained in [521 CS], the Euler characteristic 
of an appropriate blow-up of the singularity minus the number of pinch-points 
leads to the correct result. We will denote the physical Euler characteristic of 
[59l|16] by Xo(r), which reduces to the usual Euler characteristic (12.461) for smooth 
D7-branes. 

Employing equation (I2.26P for the background fluxes and denoting the total 
number of D3-branes by N^^ as well as the total number of 03-planes by Nq^, 
we deduce from (12.430 the D3-brane tadpole cancellation condition to be of the 
form 



Ng3 + '2Nr^,= 




(2.47) 
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3 Chiral Anomalies 



Before determining the chiral anomahes for a configuration of D7-branes, we are 
going to first comment on the possible gauge groups. To do so, let us denote the 
gauge group on a stack of N^^ D7-branes without gauge flux by G, which for 
type II constructions usually is ^/(A^d?) or Sp{2Nd7) respectively S0{2Ny)j). If 
we turn on gauge flux F with structure group H C G, then the observable gauge 
group H is the commutant of H in G 

H = ^^h e G : [h,h\ =0 yheHy (3.1) 

However, in order to simplify our discussion, we will consider only U{1) gauge 
fluxes on the D7-branes which are diagonally embedded into U{Nj)j) in the fol- 
lowing way 

F = f Ino^xNov ■ (3-2) 

Let us emphasize that the discussion in the following two sections of this paper 
relies on this choice of flux and its embedding. For a different structure group H 
or embedding into G, the calculations become slightly more involved. 

We now turn to the chiral anomalies. The anomaly coefficients are expressed 
in terms of the cubic Casimir A{r), the index G{r) and the U{1) charge Q{r) where 
r denotes a particular representation. For SU{N), these quantities are summa- 
rized in tableland the discussion for S0{2N) and Sp{2N) gauge groups can be 
found in appendix [Bl More concretely, the cubic non-abelian, the mixed abelian- 
non-abelian, the cubic abelian and the mixed abelian-gravitational anomalies are 





F 


F 


s 


S 


A 


A 


dim(r) 


N 


N 


N{N+l) 
2 


N{N+1) 
2 


N{N-1) 
2 


N{N-1) 
2 


Q{r) 


+ 1 


-1 


+2 


-2 


+2 


-2 


C{r) 


1 

2 


1 

2 


N+2 
2 


N+2 
2 


N-2 
2 


N-2 
2 


A{r) 


+ 1 


-1 


N + A 


-(AT + 4) 


N-A 


-(AT -4) 



Table 1: Group theoretical quantities for SU{N) where F stands for the funda- 
mental, S for the symmetric and A for the anti-symmetric representation (see for 
instance [60]). 
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Representation 


Multiplicity 




lab 


/at a r \ 
[Na, Nb) 


J-a'b 




\{Ia'a — 2 loTa) 


A. 


\{,Ia'a + 2 loia) 



Table 2: Formulas for determining the chiral spectrum. Here (A''^, Nb) denotes a 
bi-fundamental representation of the gauge group Ga x Gb while Sa and Aa stand 
for the symmetric respectively anti-symmetric representation of the gauge group 

Ga. 



calculated via the following formulas (see for instance [60] ) 

r 

^c/{i)„-sc/(7Vd7,)2 = ^Qa{r)Cb{r) , 

r 

Au(i),-u(i)l = ^Qa{r) Ql{r) dim(r 

r 

Au{i),-G^ = X^<5a(r) dim(r) . 



(3.3) 



In order to determine these anomalies, we have to employ the rules for com- 
puting the chiral spectrum which are summarized in table O The chiral index 
lab used in this table is defined in the following way [6T[ [621 [631 [SH [M] 



X 



AT, 



D7a 



D76 



(3.4) 



The somewhat unusual factors of iVp^ are due to the fact, that we are count- 
ing representations^ Next, employing our definitions (12.201) and (12.211) . we see 
that B2 cancels out in (13.41) and so, as expected, only the quantized flux 
contributes to the chiral index 



1 f chi (v5*^a ) chi {(f^J^b ) 



D7a 



, A [For J A [Fd^J . (3.5) 

Nd7, 



■^The chiral number of massless excitations between two D7-branes a and b is counted by 
the index Jab = ^(chi(</?*.?^a)cho((/3*J'h) -cho(</'*.?^a)chi((^,J^6)^ A [rD7a] ^ [^d? J , which 
in the present case reduces to p.4p when counting representations. 
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Cubic Non-Abelian Anomaly 

For the computation of tlie cubic non-abelian anomaly, we focus on tlie D7-brane 
labelled by a and calculate using fl3.5p 



A 



3 



loiia 

D76 07, 



= - / '^^^^ A [r,,j A AT,,, ( [r,,j + [r;, J ) - 8 [Fo,/ 

"^■^ ^D76 07i 

+ / 5^fchi(^X) A [rorj + chi(^,:f+l) A [r;,,j) a [ForJ ■ 

(3.6) 

Here, the prime again denotes the ^(—1)^^(7 image and the sums run over all D7- 
branes h respectively all 07-planes. Employing the D7-brane tadpole cancellation 
condition fl2.36p . we see that the first line in fl3.6p vanishes. For the vanishing 
of the second line, we use the D5-brane tadpole cancellation condition (I2.42p to 
arrive at 

^su(Nj,jji = . (3.7) 



Mixed Abelian— Non-Abelian Anomaly 

Next, we consider the mixed abelian-non-abelian anomaly. Along the same lines 
as above, we compute 




where we used, similarly as for the cubic non-abelian anomaly, the tadpole can- 
cellation conditions 02.360 and 02.421) for the vanishing of the first term. 
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Cubic Abelian Anomaly 

For the cubic abelian anomaly, we find 



5ab 



2 



( [Icb + Ic'b) - 8 5^ /o7, J - A^D7. Nn7, {lab ' h'b) 

\D7c 07i / 



3 

-iVD7„iVD7, ilab-Ia'b] , (3.9) 



where the pre-factor | is due to the additional symmetry in the case a = b, and 
we again used the tadpole cancellation conditions (I2.36P and (12.421) . 



Mixed Abelian— Gravitational Anomaly 

From (13. Sp . we finally determine the mixed abelian-gravitational anomaly of a 
D7-brane a. Employing the tadpole cancellation condition (I2.36p . we obtain 

Au(l)^-G^ = iVD7„ I J2 ^D7, {ha + h'a) - 2 ^ /qt, a ) 
V D76 07i J 

= A^D7. ( ^D7, {ha + h'a) " 8 ^ Joy, a ) + 6 N^,^ ^ ^07. a 
\D76 07i / 07i 

= 6iVDv„^J07,a. (3.10) 

07i 

4 The Generalized Green— Schwarz Mechanism 

In type 11 string theory constructions with D-branes, chiral anomalies originating 



from a diagrams such as in figure 1(a) are cancelled via the generalized Green- 



Schwarz mechanism [SUSHHEIEIITIIHIE]. The key observation for this mechanism 
to work is that in four dimensions a two-form A{2) and a scalar i?(o) are dual to 
each other via the Hodge-*-operation 

dA(2) ~ ^4 C?5(o) . (4.1) 

Then, if there are couplings in the four- dimensional action of the form 

tr(F)A(2) and tr(F2) 5(o) , (4.2) 
one can construct diagrams which cancel the chiral anomalies. An example of 



such a Green-Schwarz diagram can be found in figure 1(b) 
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lAAAAAAAAA/^ F 



F vAAAAAAAAAA 



A(2) 



^AAAAAAAAA/' F p 

(a) Anomaly Diagram (b) Green-Schwarz Diagram 

Figure 1: Anomaly and Green-Schwarz diagrams. 

4.1 Green-Schwarz Couplings 

In the present context, the two- forms ^4(2) and scalars -B(o) are obtained from a 
dimensional reduction of the R-R p-form potentials Cp and the duality fl4.1l) is 
provided by (12.241) . To see this in more detail, we perform a dimensional reduction 
of C2, C4 and Cq on the Calabi-Yau manifold X 

C2 = C^toi + Vo 

C4 = Cia^ + D^Aui +... (4.3) 
Ce = VI^<J' +... 

where C/ respectively are four-dimensional scalars and as well as are 
two- forms in M^'^. The ellipsis indicate that there are further terms coming for 
instance from the reduction of Cp on three-cycles and from the reduction on X. 
However, these terms will not be of relevance here. Let us also note that from 
(12:241) . we obtain 

dC^ = - *4 dVi =^ ^ -Vi 

(4-4) 

dCi = +MdD^ ^ Ci^+D^ 

where -k^ is the Hodge-*-operator in four dimensions. The relative sign between 
these two dualities will be important in the following. 

We now turn to the couplings (14.21) which are contained in the Chern-Simons 
actions of the D-branes and 0-planes. To determine these, we expand the holo- 
morphic divisor wrapped by a D7-brane a as 

rD7„=<7/, miez, (4.5) 

where {7/} is the basis of four-cycles introduced in (I2.10p . Next, since here we 
are considering gauge groups U (N) for which the corresponding algebra satisfies 
u{N) ~ u(l) X su{N), we write the four-dimensional open string field strength F 
as 

F = fl + J2F^T\ (4.6) 
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where / denotes the abehan and stands for the non-abehan part. For the anti- 
symmetric representations matrices of the gauge group in the fundamental 
representation, we have 



tr (T^) = , 



tr (T^T^) = - 



(4.7) 



where the latter relation reflects the usual choice of normalization. Using then 
(13. 2p and (14.61) together with (14. 7p . we can evaluate some quantities needed in 
the following 



ch2(^) 
ch3(^) 



JL y F^F^ + n(iI + if^B^] 

A ^ ' 



(4.8) 



2 / ~l~ / , * T) 



2tt 



where / was the U{1) gauge flux on the D7-branes introduced in (13.21) and ap- 
propriate wedge products are understood. 

Given these expressions, we can now identify the Green-Schwarz couplings. 
In particular, the tr(F) terms are obtained from the D7-brane action and read 



— — 



D7 



Chi(^) AC6 + ch2(^) AC4 



+ 



f ll ,r r 



+ ... 

(4.9) 



where the ellipsis denote further couplings not of importance here. The relevant 
terms involving tr(F^) read 



<^D7 — ~f^7 / 

Jd7 



Ch2(j^) AC4 + ch3(j^) AC2 



+ . . . 



A 



A (4.10) 



^lf + ^*Bt]Auj^+... . 



''s "-Tdt 

The tr(i?^) couplings are contained in the D7-brane action and can be determined 
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using (12.291) to be of the following form 



cCS 



-/i7 

27r 



D7 



2 \ 2 



96 V 27r 



tr {R^) A ( cho(j^) ^4 + clii(j^) A 

s 

,1 96 V 2tt 
A 



tr (i?2)A 



while from the 07-plane action, we infer the terms 



(4.11) 
+ ... , 



cCS 

'-'07 



27r 



07 



192 V 271 



I' 



tr A C4 + . . . 



,1 24 V 27r 



2 \ 2 



(4.12) 



A summary of the couplings relevant for the generalized Green-Schwarz mecha- 
nism in the present context can be found in table [3], where we employed again 
the notion of Chern characters. 



4.2 Green— Schwarz Diagrams 

In this subsection, we compute the contribution of the Green-Schwarz diagrams 
to the chiral anomalies. 



Cubic Non-Abelian Anomaly 

For the cubic non-abelian anomaly, we see that there are no couplings of the form 
F — Vj OT F — contained in the Chern-Simons actions (12.271) . We therefore 
cannot construct the corresponding Green-Schwarz diagrams and so 

-4f'(7Vo.)3 = . (4.13) 

This is expected since the cubic non-abelian anomaly (13.71) vanishes due to the 
tadpole cancellation conditions and does not need to be cancelled. 



Mixed Abelian— Non-Abelian Anomaly 

Next, we consider the mixed abelian-non- abelian anomaly. The schematic form 
of the diagrams to be evaluated is 



:2 

r , T 9 (4-14) 

f^-Vi-C'-Fl, f^-D' -Cj-Fl, 
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Table 3: Summary of couplings relevant for the generalized Green-Schwarz mech- 
anism in the context of type IIB orientifolds with D3- and D7-branes. Note that 
in only the diagonally embedded f/(l) flux ( 13. 2p is turned on. 



and with the help of the couplings shown in table [31 we compute 

n \ 3 



A ixii 

7b 



+ (6 - 6') 

lab — la'b 



1 fllV iVor 



2 \2iT J 2 

where we have used (13.51) as well as m^^oji = [^DJa] ■ We also utilized that 

lab' = -la'b (4.16) 
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which is verified by employing fl2.38p and noting that T is odd under 1)^^. 
Comparing finally the Green-Schwarz contribution fl4.15p to the anomaly fl3.8p . 
we see that up to a numerical prefactor, (14. 150 cancels the mixed abelian-non- 
abelian anomaly. 



Cubic Abelian Anomaly 

For the cubic abelian anomaly, we need to compute the following Green-Schwarz 
diagrams 

fa - T^i - - fb ; fa - - Cj - fl , {A^^\ 

f^-Vj-C'-fl, f^-D' -Cj-fl . 

Performing the same steps as for the mixed abelian-non-abelian anomaly, we 
arrive at 

^ulu-ua)i = ^ (I) ' ^D^^ (^'^^ - ^^'^) ' (4.18) 

and by comparing with (13. 9p . we see that the Green-Schwarz contribution cancels 
the cubic abelian anomaly up to the same prefactor as for the mixed abelian- 
non-abelian anomaly. 



Mixed Abelian— Gravitational Anomaly 

Finally, the mixed abelian-gravitational anomaly is computed schematically as 

fa-Vj-C'~R\ fa-D' -Ci-R\ (4.19) 

Utilizing the couplings shown in table [3] as well as the D5- and D7-brane tadpole 
cancellation conditions, we find 



AGS 



^ ^ L b,b' ^ -^^OTf, 

^E^o... (4.2 



By comparing with (I3.10p . we see that up to a numerical prefactor, the contri- 
bution from the Green-Schwarz diagrams (I4.20p has the right form to cancel the 
mixed abelian-gravitational anomaly. 
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4.3 Massive U(l)s and Fayet-Iliopoulos Terms 

To conclude this section, let us comment on massive U{1) factors and Fayet- 
Iliopoulos terms. Using the definition of Chern characters (1A.1I) . from equation 
(14. 9 p we can determine the Stiickelberg mass terms for the gauge bosons on the 
D7-branes to be of the following form 



c _ 

'-'mass ^ 



= / E a f iVoT. K - (4-21) 

+ ^D'a[ chi A ^ + a*u;i)) 

where in going from the first to the second line we employed that the gauge 
field is odd under f2(— 1)^^ together with equation (12.381) . Let us next define the 
following two mass matrices for the gauge fields on the D7-branes 

Mi^a = ]i I chi(7;^) A + , = Nj,j^ (m, - m,,)'", (4.22) 

with /+ = 1, . . . , and /_ = 1, . . . , h]l^ . Then, the massless (linear combina- 
tions of) U{1) gauge fields on the D7-branes are those which are in the kernel of 
the combined matrix 



Mia 



(4.23) 



Along the same lines as for the D7-branes, for the gauge fields on the D3-branes 
we find that due to the orientifold images, there are no mass terms 



(4.24) 



With the help of the mass matrices (14.221) . we can also determine the Fayet- 
Iliopoulos terms for the D7-branes. To do so, we first recall the definition of the 
axion-dilaton r, the moduli and the Kahler moduli Tj^ [65] 



r = Co + ^e-^ G'- = I (C2 + TB. 



2 ' 



Tu= Q e~^j' + iC, + tB, AC2+'- r{B,y^ 



(4.25) 
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Here, {7/} G H^i^X^X) and {S-^} G H2{X,X) are the basis of four- respectively 
two-cycles introduced in equation fl2.10p . The derivatives of the Kahler potential 
/C with respect to r, G^^ and T/^ read (see for instance the appendix of [65] ) 



dlC_i_e^f.. 1 
97 ~ 2 V 



(4.26) 



where V denotes the overall volume of the compactification space X. Observ- 
ing finally that the mass matrices (14. 221) correspond to the holomorphic Killing 
vectors of the gauged isometry associated to Tj^ and G^-, we can compute the 
Fayet-Iliopoulos terms as 

die die 



dTi^ " dG^ 

1 

''S " -^iDTa "S -^iDTa-ioTa 



/ d,,{T:)AJ+^/-j N„,BiAJ (4,27) 

where we employed the definition (lA.ll) as well as f l2.38p together with (12. 2p . 
The vanishing of the D-term corresponding to a D7-brane without matter fields 
translates into = 0, which leads the well-known condition / A ^|rD7„ = ^ 
D7-brane with U{1) flux / to be supersymmetric H9l fT5] . 



5 Generalizations: D9- and D5-Branes 

So far, we have studied the tadpole cancellation conditions and the generalized 
Green-Schwarz mechanism for type IIB orientifolds with D3- and D7-branes. 
However, it is possible to introduce also D9- and D5-branes which modify the 
tadpole cancellation conditions and therefore also the discussion for the chiral 
anomalies. 

The reason for usually not considering D9- and D5-branes is that the orien- 
tifold projection maps them to anti-D9- and anti-D5-branes which are supersym- 
metric only at a particular point in moduli space. Nevertheless, we can study the 
tadpole cancellation conditions and the chiral anomalies for such D-brane setups 
which we will do in some detail in this section. 



5.1 Tadpole Cancellation Conditions 

In order to determine the tadpole cancellation conditions, let us recall equation 
f l2.34p and be more concrete about how the orientifold projection acts on the 
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manifold a D9- or D5-brane is wrapping. In particular, we find 

t'dq = -rog , rD5 = -crrD5, (5.1) 

where F^g = X is invariant under the holomorphic involution a and is a 
two-cycle in X wrapped by a the D5-brane. Furthermore, note that we are also 
allowed to turn on gauge flux Fdq and Fds on the D9- respectively D5-branes 
which is odd under Q{—1)^^. 



D9-Brane Tadpole Cancellation Condition 



In a very similar way as in section [21 we can now compute the D9-brane tadpole 
cancellation condition. The variation of the Chern-Simons action (12.271) with 
respect to Ciq reads 



2n 



5Cio A [Fog] Acho(^D9) 



(5.2) 



where [Fog] is the Poincare dual of Fog in X, which is a zero-form, and the sign Kg 
had been introduced in equation fl2.28p . Denoting the total number of D9-branes 
with gauge flux Fa by A^dq^ = chQ^J^^gJ, we find for the equation of motion 
originating from Cio that 



= «:9 5^iVD9^([FD9.] + [F;,9j). 

Dga 



(5.3) 



D7-Brane Tadpole Cancellation Condition 

For the D7-brane tadpole cancellation condition, we compute the variation of the 
D9-brane Chern-Simons action with respect to Cs as 



^Cs'^Dg 



2n 



6CsA [Fog] Achi(^D9) • 



(5.4) 



Taking into account the orientifold images and combining (15.41) with the variations 
of the D7-brane, 07-plane and bulk action (12.321) respectively (I2.25p . we find the 
following tadpole cancellation condition 



(5.5) 



where the prime denotes the image under the orientifold projection f2(— 1)^^(T. 
However, in its present form (15.51) still depends on the continuous fields B2 which 
is not desirable. But, writing out the first Chern character as 




chi (j^Dg) = chi (^J^D9 j + iVog , 



(5.6) 
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and noting that B2 is even under Q{—l)^'-a while [Fog] is odd, we see that the 
dependence of (15.51) on B2 vanishes. We can thus simply replace T ^ T in the 
D7-brane tadpole cancellation condition above. 



D5-Brane Tadpole Cancellation Condition 

Let us continue with the equation of motion for Cg. The variation of the D9-brane 
Chern-Simons action is computed as 



27r 



/ 5C6 A [Fds] a ( Ch2 (^dq) + l\ iVD9 
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, (5.7) 



where we observed that the tangential bundle of a D9-brane is equal to the 
tangential bundle of X. The contribution of a D5-brane to the equation of motion 
of Cg is found to be 



X cCS _ 27r 



/t5 / (^Ce A [Ids] A cho(j^D5) , 



(5.8) 



where [Fds] denotes the Poincare dual of Fds in X . Taking into account the ori- 
entifold images and combining (I5.7p as well as (15.81) with the variations computed 
in (I2.3ip and (I2.25p . we arrive at 



= / cj/ A 

IX 



ft^rX] [^07.] A chi ((^,J^D7 J 

a, a' 

+ «:9 [^09,] A (ch2(7D9j + l\ Nd9, 

b, b' ^ 

+ 1^5 [^DsJ A^D5. 



(5.9) 



where {ujj} is again a basis of (1, l)-forms on X. Since (15.91) still depends on B2 , 
let us employ (I2.40p to separate out the B2 part from the first Chern character 
and use the definition ( lA.ip to write the second Chern character as 



ch2(j^D9) = ch2(j^D9) + ^^^li^m) A ^2 



Nb9 



(5.10) 



Utilizing then the D7-brane tadpole condition (15. 5p . we see that the dependence 
of (15. 9p on B2 vanishes, and so we can simply replace T T in (15. 9p . 
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D3-Brane Tadpole Cancellation Condition 

To finish our discussion of tlie tadpole cancellation conditions, let us turn to the 
equation of motion for C4. The variation of the D9-brane Chern-Simons action 
is calculated as 

Sc.S^I = -%^9 [ SC, A [Fog] A f Ch3 (7=D9) + it A chi {Tj,,)) , 

'■s Jr^'^xX \ / 

(5.11) 

while for the D5-brane action we find 

6c,SEI = -'^^5 I SC^ A [Ids] A chi((^,^D5) ■ (5.12) 

Taking into account the orientifold images and combining the two expressions 
above with (12.301) as well as (I2.25p . we arrive at 



A (^ch2(^*^D7j +/'iVD7, 
C2(ro7j 



C2(rD7j 
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A / 



/ [rD5 J A Chi (¥?,J^D5 J 



+ ^E/[ro3, 



03i 



where [r^s] = A" denotes the Poincare dual of in X. Note that we have 
organized the appearing terms for later convenience. Similarly as in the previous 
cases, the dependence of this tadpole cancellation condition on the continuous 
fields B2 should vanish. And indeed, using the definition (lA.ip . we can write the 
third Chern character as 

ch3(^D9) = Ch3(^;9) + Ch2(^;9) ^ B, + \ chi (^^g) A [B,f + ^ {B:^f , 

(5.14) 
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while for the first and second Chern character we use (15.61) respectively (I5.10p . 
The terms in (I5.13P involving B2 can then be summarized as 

a,a' 

+^ E / ^ [r^^J A (ch,(7;,J + It ATd,, ^) (5.15) 

+ 1WY. f ^2"A [FdsJ iVD5., 
c,c' 

which cancel due to the D5-brane tadpole cancellation condition (15. 9p . In a very 
similar way as in section [2], we see that the terms in (I5.13P proportional to (-B^)^ 
have to vanish due to the D7-brane tadpole cancellation condition (15. 5p . Finally, 
using (15.140 . we observe that the terms proportional to (-B^)^ vanish, due to the 
tadpole cancellation condition (15.30 . In (I5.13p . we can therefore replace T ^ T . 

5.2 Chiral Spectrum 

After having explicitly determined the tadpole cancellation conditions for a com- 
bined system of D9-, D7-, D5- and D3-branes, we will now formulate them in a 
more compact way. This will allow us to infer the rules for determining the chiral 
spectrum from the vanishing of the cubic non-abelian anomaly more easily. 

Summary of Tadpole Cancellation Conditions 

In order to express the tadpole cancellation conditions of the last subsection in 
a unified way, following for instance [US] (see also [221 E31 EI]), we define the 
charges 



Q(rDp, Dp) 



2(rop) 

The quantities involved here had been introduced around equation (I2.27p . but let 
us note once more that [F] denotes the Poincare dual of F in A*, the R-R charge 
of the 0-planes was Qp = -TP-'^ and that the signs = ±1 had been introduced 
in (12:281) . 

^Note that we actually have to formulate these expressions in terms of sheaves. A naive way 
to compensate for this inaccuracy is to evaluate the Chern characters on the submanifold they 
are defined on whenever possible. 



/«p [Fdp] a ch(v9*J^ji)p) A 



Kp Qp [Fdp] a 



' ^(^To,/4) 

^(^^B./4) ■ 



(5.16) 
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By comparing the charges (15.161) with the exphcit tadpole cancellation condi- 
tions (15. 3p . (15.51) and (15. 9p . we observe that the Dp-brane tadpoles for p = 9, 7, 5 
can be expressed in the following way 



0= E 2(rD,,-^i)+$^Q(ro,) 

Dij,Dg' Oq 



(9— p)— form 



(5.17) 



In (I5.17p . the restrictions selects to the zero-, two- and four-form part, and the 
sums in this and the following formulas run over all Dp-branes as well as over all 
Op-planes. Concretely, this means 



Dg,Dq' D9a D9^, D7b DS^/ 



Oq 07i 03j 



(5.18) 



By comparing the charges (I5.16P with the explicit form of the D3-brane tadpole 
(I5.13p . we see that, using (I2.26p . this condition can be expressed as 



Dq,Dq' Oq 



6— form 



(5.19) 



Rules for Determining the Chiral Spectrum 

Let us now state the rules for computing the chiral spectrum in the present 
context. These have been inferred from the requirement that the cubic non- 
abelian anomaly should vanish using the tadpole cancellation condition. For 
that purpose, following for instance [63], we define 



'DpDq - -TT 



>-^^Dq Jx 



iopBq = ^[ Q(ro,) AQ(rD,,-^^J . 

^^Dg Jx 



(5.20) 



Note that here the prefactor is again due to the fact that we are counting represen- 
tations instead of the chiral number of massless excitations. The multiplicities of 
the bi-fundamental and the symmetric as well as anti-symmetric representations 
in terms of these indices are given in table HI 



Chiral Anomalies 

The expressions in table H] had been adjusted to the fact that the generalized 
Green-Schwarz mechanism does not provide any terms to cancel the cubic non- 
abelian anomaly. This anomaly therefore has to vanish due to the tadpole can- 
cellation conditions which we verify now. In particular, using (13.30 and table [11 
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Representation 


Multiplicity 




iDpDq 




Idp' Dq 




1 f T 1 ^ T \ 

2 JOp'Op + 4 ^OqDp j 




Oq 




1 Idp'Dp - i X] -^o^Dp ) 







Table 4: Rules for determining the chiral spectrum for a combined system of 
D9-, D7-, D5- and D3-branes in the context of type JIB orientifolds with 07- and 
03-planes. The sums run over all 0-planes as in equation (15. 181) . 



we compute 

•^SUiNop)3 = ^ N^qi^lDqDp + ^Dq' Dp^ + {Nj)p + 4) " (^^Dp'Dp + \ ^ ^OqDp 
DqytDp Oq 



OqDp 

Oq 



Oq 

Noq (j^DqDp + ^Dq' Dp j + -^OgDp 
Dq Oq 

E Q{^r,q,T^q) + Y.Qi^Oq)) AQ{rOp,-Kp) 
Vdp Jx \ n„ n„/ n„ / 



Dq,Dq' Oq 

(5.21) 

Employing then the tadpole cancellation conditions (15.171) and (15.191) together 
with the explicit form of the charges (I5.16p . we see that the anomaly (15.211) can 
be simplified to 

r (5.22) 

. _ / H- A p Freed-Witten ^ ^ 

^Vd9 Jro9 

For D9-branes, the cubic non-abelian anomaly vanishes due to the Free- Witten 
anomaly cancellation condition [HS! which means that restricted to a D-brane 
has to be zero. 

Along the same lines as in section [HI we can determine the mixed abelian- 
non-abelian, the cubic abelian and the mixed abelian-gravitational anomalies to 
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be of the following form 



3 

3 



'^U{l)op-U{l)lg — — ^ ^Dp.Dg -45[/(ArQp)3 - N^p N^q (^lupBg " ^Dp'Dg j , (5.23) 



We are not going to show that the dimensional reduction of the Chern-Simons 
actions f l2.27p provides the required Green-Schwarz couphngs to cancel these 
anomalies. This can be done in a very similar way as in section HI 



5.3 Massive U(l)s and Fayet-Iliopoulos Terms 

We finish this section with a discussion of massive U{1) fields and the Fayet- 
Iliopoulos terms. For the case of D7- and D3-branes, this has been done in 
section 14.31 so here we will focus on the D5- and D9-branes. Furthermore, we will 
consider only diagonally embedded abelian fluxes on the D5- and D9-branes in 
order to simplify the discussion. 

To determine the couplings of the U{1) gauge bosons on the D5-branes to the 
R-R p-form potentials Cp, let us expand the two-cycle the D5-brane is wrapping 
as 

Fds = mu5i , (5.24) 

where {^^} denotes the basis of two-cycles introduced in equation f l2.10p . Writing 
then out the Chern characters as in equation fl4.8p . we obtain 



n ^ ' 



K5 



(5.25) 



where the term involving chi (JF ) vanishes due to its orientifold image. The mass 
matrix for the U{1) gauge bosons on the D5-branes therefore reads 

M7^D5. = ArD5.(mD5„ + "^D5„,)/+ • (5-26) 

Finally, recalling the form of the derivative of the Kahler potential with respect to 
T/^ given in equation f l4.26p and noting that f l5.26p corresponds to the holomor- 
phic Killing vectors of the gauge isometry associated to T/^, we can determine 
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the Fayet-Iliopoulos term of a D5-brane as 



-iM. 



dJC 



dTi 



1+ 



1 



D5a 



J . 



(5.27) 



In order to study the mass matrix and Fayet-Ihopoulos terms for the D9- 
branes, let us expand the R-R eight-form potential Cg in the following way 



a = D° A dvoU . 



(5.28) 



Writing out the fourth Chern character similarly as in (14. 8p . we can determine 
the mass terms for the U{1) gauge bosons on the D9-branes as 



'^mass — ^ / /D9a A 



(5.29) 



+ 2^oA - 



24 
24 



Taking into account the explicit expression for the orientifold images, we see that 
the couplings /d9 AT'o in the last line of (I5.29P vanish. From the remaining terms, 
we determine the following mass matrices 



2M 



D9a ; 



(5.30) 



D9a 



D9a 



ch2 (^D9 J + It Nb9. jA(u; + a*u'^ 



where a*a^ denotes the image of the basis four- form under the holomorphic 
involution a. The Fayet-Iliopoulos terms for the D9-branes are then computed 
similarly as in the previous cases using the derivatives (14.261) of the Kahler po- 
tential. Concretely, by employing (12.441) we find 



die .,,1 die . , ^ die 

^09. ^ M7^D9„ ^ - ^ Md9^ + I Md9„ ^ 

^_^^ch2(^D9.) + /.'iVD9. 1 A J 



V 



V 



(5.31) 
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6 Summary and Conclusions 



In this work, we have studied type IIB string theory compactifications on ori- 
entifolds of smooth compact Calabi-Yau manifolds with D3- and D7-branes. In 
particular, we have derived the tadpole cancellation conditions in detail and we 
have shown how the generalized Green-Schwarz mechanism cancels the chiral 
anomalies. Of course, in accordance with results obtained for toroidal orbifolds, 
this was expected from the very beginning, however, the detailed study has lead 
to the following observations. 

• For an orientifold projection Q{~l)^^a leading to hh"^ ^ 0, that is there are 
two- and four-cycles anti-invariant under the holomorphic involution a, in 
general the D5-brane tadpole cancellation condition leads to a non-trivial 
constraint. This has already been mentioned in ^16j, however, here we have 
worked out this condition in detail. 

• We have furthermore seen that for the cancellation of chiral anomalies not 
only the D7-brane tadpole cancellation condition has to be employed, but 
in general also the vanishing of the induced D5-brane charges. 

• In section [5], we have generalized our analysis by including also D9- and D5- 
branes for which we have worked out the tadpole cancellation conditions in 
detail. Utilizing the requirement that the latter ensure the vanishing of the 
cubic non-abelian anomaly, we were able to determine a general set of rules 
for computing the chiral spectrum of the combined system of D9-, D7-, D5- 
and D3-branes. These have been summarized in table HI 

The work presented in this paper is intended to provide a piece for a bet- 
ter understanding of the open sector of type IIB orientifold compactifications on 
smooth Calabi-Yau manifolds with D3- and D7-branes. In particular, we have 
seen that not only the well-known D3- and D7-brane tadpole cancellation condi- 
tions arise in such setups, but that in general also the cancellation of the induced 
D5-brane charge is crucial for the consistency of a (compact) model. Clearly, this 
observation has to be taken into account when embedding local F-theory models 
into compact Calabi-Yau manifolds. 

We have also observed that including D9- and D5-branes leads to a more 
involved structure of the open sector. However, it might be interesting to study 
the combined system of D9-, D7-, D5- and D3-branes in type IIB orientifolds 
with 07- and 03-planes in more detail, and to work out its relation to F-theory. 
This could lead to a better understanding of the connection between type IIB 
string theory and F-theory. 



33 



Acknowledgments 

The author would like to thank Nikolas Akerblom, Sebastian Moster, Maxim- 
ilian Schmidt-Sommerfeld and especially Ralph Blumenhagen, Thomas Grimm 
and Timo Weigand for helpful discussions. Furthermore, he wants to thank Max- 
imilian Schmidt-Sommerfeld for useful comments on the manuscript and Dieter 
Liist for support. 

In addition, the author would like to thank the referee at JHEP for drawing 
his attention to earlier work on the generalized Green-Schwarz mechanism and 
tadpole cancellation conditions in the context of toroidal type IIB orientifolds. 



34 



A More Details on the Chern-Simons Action 



In this appendix, we provide the definitions of the quantities used in the Chern- 
Simons actions (12.271) for D-branes and 0-planes, and give some details of the 
calculation leading to (12.291) . 



Definitions 



We start with the definitions. The Chern character of a complex vector bundle 
F is defined in the following way 



di{F) =Y,c\ln[F) 



n=0 



ch„(F) = ^tr 



• 771 \ 
IP 

2^ 



(A.l) 



where the trace is over the fundamental representation. The Chern character 
satisfies 



ch [E®F) = c\i{E) + ch(F) . 



(A.2) 



The ^-genus and the Hirzebruch /^-polynomial can be expressed in terms of the 
Pontrjagin classes pi as 



AiF) = 1- — pi+ 
^ ^ 24^ 5760 



(A.3) 



and satisfy 

A{E®F) =A{E) AA{F) 



C{E ® F) = C{E) A C{F) . (A.4) 



For the following, we will only need the definition of the first Pontrjagin class of 
a real vector bundle which reads 



Pi{F) 



1 

2*^ 



F 
2^ 



(A.5) 



where the trace is again over the fundamental representation. If the real 2k- 
dimensional bundle F^ can be written as a complex /c-dimensional bundle F^, we 
have the relation 

Pi {Fu) = [ci (Fc)] ' - 2 C2 (Fc) , (A.6) 
where Ci and C2 denote the first and second Chern class expressed as 

c^{F) = chi(F) , C2(F) = ^ [chi(F)] ' - ch2(F) . (A.7) 
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Calculation leading to (1^7^ 

After stating these definitions and relations, let us concentrate on a complex two- 
dimensional holomorphic submanifold F of a complex three-dimensional Calabi- 
Yau manifold X. Since the first Chern class of a Calabi-Yau manifold vanishes, 
we find 

= ci (T;,) = chi (Tr © iVp) = chi (Tr) + chi (iVp) = ci (Tr) + Ci (iVp) , (A.8) 

where T denotes the tangential bundle and the normal bundle. Noting then 
that the second Chern class of a line bundle such as A^r vanishes, we calculate 
using ([Q!) and ([Ql) 



1 2 



1 2 



Pi(rr) -pi(Arr) = [ci(rr)J - 2 (Tr) - [ci (A^r)] + 2c2(Arr) = -2c2(Tr) 

(A.9) 

where we interpreted the real vector bundles as complex ones. This computation 
allows us now to write the ^-terms in the Chern-Simons action more feasible. 
The square root as well as the inverse of the ^-genus are understood as a series 
expansion and using (IA.4p . we find 



^(7^(4)) A 



N 



{6)> 

■N ) 



(A.IO) 



C2(r) + ... 



where denotes the four- dimensional and the internal part of TZ. In going 
from the second to the third line, we employed our definition fl2.22p and we 
adjusted our notation as 



C2(Tr) =C2(r) 



(A.ll^ 



Along the same lines, we obtain for the Hirzebruch /^-polynomial the following 
result 



' /:(7^T/4) 
/:(7^iv/4) 



4(iy-(^V-)A(i-|c2(r) + ...] 



(A.12) 
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B Discussion for SO(2N) and Sp(2N) 

Here, we briefly discuss the generalized Green-Schwarz mechanism for the case of 
gauge groups S0{2N) and Sp{2N). Since both Lie groups are simple, there are 
no cubic abelian or mixed abelian-gravitational anomalies for these cases. For 
the cubic non-abelian anomaly, let us note that the anomaly is proportional to 

A^'^'^ir) = ^ A{r) <r^^ (B.l) 

where d"-^'^ is the unique symmetric invariant. This invariant only exists for 
SU{N) and 5*0(6) (which has the same Lie algebra as SUi^A)) and so there 
is no cubic non-abelian anomaly to be studied in the present case. 

For the mixed abelian-non-abelian anomaly, let us note that the dimension 
and the index for the fundamental representation of both S0{2N) and Sp{2N) 
are found to be 

dim(F) =2N , C{F) = 1. (B.2) 

The anomaly coefficient is then computed as 

•^U{l)a-Sp/SO{2No7^)2 = ^Qa{^) Cb{F) = -iVoTa (^fe - L'b^ , (B.3) 

F 

which is, up to a factor of |, the same as in (13.81) . For the calculation of the 
Green-Schwarz diagrams, we note that C{F) = 1 by definition means 

tr (T^T^) = (5^^ , (B.4) 

which differs from the result for SU{N) by a factor of |. Using this observation 
and following the same steps as in the computation for SU{N), one finds that 
the Green-Schwarz diagrams are precisely of the form ( IB. 31) (up to a common 
prefactor). Therefore, also for S0{2N) and Sp{2N) the mixed abelian-non- 
abelian anomalies are cancelled via the generalized Green-Schwarz mechanism. 
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